We consider mean value properties for solutions of certain linear elliptic and parabolic equations in Euclidean and hyperbolic spaces which generalize standard mean value properties for solutions to the Laplace and the heat equations.
Introduction
The mean value property is among the most beautiful features of harmonic functions. It has many consequences which include the maximum principle, local estimates, the Liouville theorem and the Harnack inequality for harmonic functions.
In this note, we consider mean value properties for solutions of either ∆u + a(x) u = 0,
or
Here ∆ is the Laplace operator on R n . First, consider (1) . When a(x) is a smooth and radially symmetric function, i.e. a(x) = a(|x − x 0 |) for some x 0 , it can be shown by ODE methods that (1) has a unique smooth radially symmetric solution ϕ(x) = ϕ(|x−x 0 |) such that ϕ(x 0 ) = 1. Moreover, for any smooth solution u of (1) and any ball B(x 0 ,r), there holds 1 |∂B(x 0 , r)| ∂B(x0,r) u dσ(x) = u(x 0 ) ϕ(r), ∀ 0 < r <r,
which is equivalent to The mean value property (3**) has a variant which does not require a(x) to be radially symmetric. Indeed, we will show a mean value property of the following form (see Theorem 2.1)
u(x) = 1 |B(x, r)| B(x,r) u(y) w(r, x; y) dy,
where w is an appropriate and explicit weight which has two parts: one takes care of the Laplacian contribution, and the other is accounted to the additional appearance of a(x). More precisely, w can be expressed as w(r, x; y) = 1 + a(y) m(r, dist (x, y)).
In particular, when a ≡ 0, (4) is the standard mean value property for harmonic functions. Let us now switch our attention to (2) . For the heat equation, i.e. a ≡ 0, a mean value property was proved by Pini 8 in dimension one and by Fulks 4 in higher dimensions. Various aspects of this mean value property was later studied by Watson. 9, 10 In this line of work, the region where averaging takes place is the so-called "heat ball", which is defined as a sub-level set of the heat kernel. Analogous to the elliptic case, we establish a mean value property for (2) of the form (see Theorem 2.2)
Heat ball u w dy ds where the weight w consists of a part that comes directly from Pini-Fulks' mean value property and another part that is accounted to the appearance of a(t, x).
We also consider in this note mean value properties for analogues of (1) and (2) on H n , the n-dimensional hyperbolic space. See Theorems 3.1 and 3.2. The fact that the background manifold is not flat offers no special difficulty except that the formula for the heat kernel is more complicated.
The rest is organized as follows. In section 2 we consider mean value properties in Euclidean spaces. In section 3, we study mean value properties on hyperbolic spaces.
Mean value properties in Euclidean spaces

Elliptic case
where a is a given smooth function. We would like to derive a mean value property for solutions of (5), which generalizes the standard mean value property for harmonic functions. In fact, we prove a sub-mean value property for sub-solutions of (5) . Recall that a function u ∈ C 2 (Ω) is a subsolution of (5) 
Theorem 2.1. Let Ω be an open subset of R n , n ≥ 2, and a(x) be a smooth function defined on Ω. For any sub-solution u ∈ C 2 (Ω) of (5) and B r (x) ⊂ Ω, there holds 
Proof. Without loss of generality, we assume that x = 0. We will write B s for B s (0). Let G be the fundamental solution of the Laplacian with pole at the origin, i.e.
where ω n is the surface volume of the unit sphere S n−1 . For convenience, we often write G(y) as G(|y|).
By the divergence theorem, for s ≤ r,
where dσ is the Lebesgue surface measure and ν is the outer unit normal to ∂B s . Fix some 0 < r 1 < r 2 ≤ r for the moment. Note that G − G(r 2 ) is non-negative and harmonic in B r2 \ B r1 . Thus, by Green's formula and (6) 0 =
Letting r 1 → 0, we thus get
where
We next rewrite (8) as
Then, by (7),
Case 1: n = 2. Recalling the formula for G and integrating by parts in (9) we get
Br a u log |y| dy + 1 4π Br a u |y| 2 log |y| dy
Br a u dy
This implies
Case 2: n > 2. The proof works similarly. Inserting the exact formula for G into (9) and integrating by parts, we get
which implies
The proof is complete.
Corollary 2.1. Let Ω, a and w be as in Theorem 2.1. Then a function u ∈ C 2 (Ω) is a solution of (5) if and only if
Proof. The necessity follows directly from Theorem 2.1. Conversely, assume that
In particular, ∆u + au < 0 in a neighborhood of x 0 . The proof of Theorem 2.1 then implies that (see e.g. (6))
u(y) w(x, r; y) dy for any r sufficiently small, which is a contradiction.
Parabolic case
We next turn our attention to a parabolic version of the mean value property. The heat kernel plays an important role, especially in recognizing the shape where the average is taken. Let K denote the heat kernel,
For a fixed point (t, x) and a parameter α > 0, define the "heat ball"
Note that the bigger α is, the smaller W α is.
We first recall the mean value property for the heat equation, which was proved by Pini 8 and Fulks 4 (see also Watson 9, 10 ). Let u be a solution to
Then for any (t, x) and α, there holds
Motivated by the mean value property established in Theorem 2.1, we look for a mean value property for solutions of
Following standard terminology, a function u ∈ C
positive real number, and a(t, x) a smooth function defined on
u(s, y) w(t, x, α; s, y) dy ds, where w(t, x, α; s, y) = |x − y|
4(t − s) .
To prepare for the proof we need the following lemma.
Lemma 2.1. We have
∂W (t,x;α)
Here ν = (ν s , ν y ) is the outer normal to ∂W (t, x; α) at (s, y).
Proof. Without loss of generality, we can assume t = 0 and x = 0 and we write W α = W (0, 0; α). Next, we note that if (s, y) ∈ W α , then (λ 2 s, λ y) ∈ W λ −n α . Thus, by a change of variables (s,ỹ) = (λ 2 s, λ y) with λ = α 1 n , (13), (14) follows from
The finiteness of C 1 (n) is evident. To see the finiteness of C 2 , note that W 1 is contains in a slab of the form {(s, y) : −T ≤ s ≤ 0, y ∈ R n }, and so
It remains to prove (15). By the co-area formula,
Thus it suffices to show
Moreover, by scaling, it suffices to consider α = 1. We compute 
Proof of Theorem 2.2. By shifting, we can assume that x = 0 and t = 0. We write W α for W (0, 0; α) and setK(s, y) = K(−s, −y). We have for
where ν = (ν s , ν y ) is the outer normal to ∂W α . Fix some α 1 > α 2 ≥ α for the moment. By (16),
Wα 1 a u dy ds.
It follows that
Sending α 1 → ∞ and using Lemma 2.1, we infer that
(17) To proceed, we apply the co-area formula to level sets ofK to rewrite By (17) and Lemma 2.1, 
The assertion follows.
Corollary 2.2.
Let Ω, T , a and w be as in Theorem 2.2. A function u is a solution of (12) if and only if
u(s, y) w(t, x, α; s, y) dy ds
3. Mean value properties on hyperbolic spaces
Elliptic case
Let H n denote the hyperbolic space of dimension n, i.e. the upper-half space
x n > 0} equipped with the metric
We denote by B hyp (x, r) the geodesic ball of H n centered at x and of radius r.
Consider
where ∆ hyp is the Laplace-Beltrami operator on H n and Ω is some open subset of H n . In the special case where a(x) ≡ 0, i.e. u is harmonic, it can be shown that
This can be seen as a consequence of the generalized Darboux theorem on the commutativity of the mean value operator and the Laplace-Beltrami operator (see [6, Theorem 4.1] ).
In this section, we will develop an analogue of the above property for arbitrary (smooth) a(x). We begin by recalling the Green function of the Laplace operator on H n . Let x be an arbitrary point on H n . In terms of the radial variable r = dist (·, x), the Green function with pole at x is given by
where ω n is the surface volume of the unit sphere S n−1 ⊂ R n . Note that G = G(r) is decreasing in r and for r ≈ 0,
Theorem 3.1.
Let Ω be an open subset of H n , n ≥ 2, and a(x) be a smooth function defined on Ω. For any sub-solution u ∈ C 2 (Ω) of (18) and B hyp (x, r) ⊂ Ω, there holds . For simplicity, we will write
Now, observe that G = A r1 > A r2 on ∂B r1 and so
We thus have 0 ≤
Sending r 1 → 0 and using (19), we obtain
It thus follows from the co-area formula that
Integrating by parts, we arrive at
The conclusion follows easily.
Corollary 3.1. Let Ω, a and w be as in Theorem 3.1. A function u is a solution of (18) if and only if
for all B hyp (x, r) ⊂ Ω.
Parabolic case
Next, we consider
Let K(x; s, y) = K n (x; s, y) be the radial heat kernel on H n with pole at x. It is well known that K(x; s, y) depends only on s and r = dist (x, y). In dimension two, the formula for K was found by McKean:
In dimension three, it was found by Debiard, Gaveau and Mazet:
In higher dimensions, it is given by the following recurrence relation,
This latter identity is attributed in [3] to Millson (unpublished), and is recovered by Davies and Mandouvalos. 2 A direct derivation of the formula for the heat kernel in any dimension without using the above recurrence relation is later given by Grigor'yan and Noguchi.
5
For fixed (t, x) ∈ R + × H n and α > 0, define hyperbolic heat balls by
By [2, Theorem 3.1], K is dominated from above and below by positive multiples of the heat kernel of the Euclidean space R n . Thus, as Euclidean heat balls are bounded, so are hyperbolic heat balls. Moreover, by [1, Lemma 4, p. 192] , K is decreasing with respect to r. Thus, W α retracts to S α := {(s, x) ∈ W α }. We claim that S α is connected. To see this, observe that by [2, Theorem 3.1], S α contains {(s, x) : a < s < t} for some a < t. Hence, if S α is disconnected, then as K is decreasing with respect to r, K has a local minimum lying on the line {(s, x) : s < t}. This contradicts the maximum principle. The claim is ascertained. It follows that W α is connected. Moreover, W α is of the form
By the implicit function theorem, the boundary of W α is the union of a smooth hypersurface and the point (t, x).
u(s, y) w(t, x, α; s, y) dvol hyp (y) ds, where
Proof. We write W α for W hyp (t, x; α). DefineK(s, y) = K(x; t − s, y). Fix some α 1 > α 2 ≥ α. Arguing as in the proof of Theorem 2.2, we arrive at To conclude the proof, it remains to "compute" C 0 . To this end, applying the above formula to u ≡ 1 and a ≡ 0, we get C 0 α = Wα |∇ logK| 2 dy ds.
The assertion follows. 
